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The main purpose of this paper is to deal with the generation of 
not necessarily equicontinuous semigroups of operators in locally 
convex spaces. 
In recent years the theory of semigroups of operators in Banach 
spaces was extended by Schwartz [IO], Miyadera [n, Yosida [12], 
Komatsu [5] and others to the case of equicontinuous semigroups of 
operators in locally convex spaces. Under the restriction of equi- 
continuity the theory of semigroups of operators in locally convex 
spaces is developed in parallel with the case of Banach spaces: 
Let {T, ; t > 0} be an equicontinuous semigroup in a locally convex 
space E and A be its infinitesimal generator. Then for Re(h) > 0, 
the Laplace transform of T, and the resolvent of A exist, and we have 
s 
cu e-“tT,x dt = (hl - A)-’ x for x EE. 
0 
This relation plays a fundamental role in the theory of equicontinuous 
semigroups of operators in locally convex spaces. 
Without the restriction of equicontinuity, however, it seems that 
there is an essential difference between the case of Banach spaces and 
the case of locally convex spaces. In this case the discussion of the 
Laplace transform of semigroups and of resolvents are no longer 
available. For instance, let C( - co, co) be the space of real- or complex- 
valued continuous functions on the real line (-co, co), with the 
topology of uniform convergence on compact subsets. Then the 
semigroup {T, ; t 3 O] in C( - co, co) associated with the operation 
of translation: T,x(s) = x(s + t) for x E C(- co, co), is not equi- 
continuous, and the Laplace transform Jr e-AtTp dt is not necessarily 
convergent for Re(h) > 0. Furthermore the infinitesimal generator 
A = dlds has no resolvents, for there do exist eigenfunctions e”8. 
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This example is typical of locally equicontinuous semigroups 
(cf. Section 1, Definition 1.1). 
Hence, in order to complete our theory we need the notion of 
generalized Laplace transform. Making use of this notion, we. give 
a necessary and sufficient condition that a linear operator be the 
infinitesimal generator of a locally equicontinuous semigroup 
(Section 5, Theorems 3 and 3’). 
The author expresses her sincere congratulations to Professor 
KBsaku Yosida for his having received the 1967 Imperial Award of 
the Japan Academy. 
1. SEMIGROUPS OF OPERATORS 
In this paper we deal with semigroups of operators in locally convex 
linear topological spaces over the complex number field. Let E be 
a locally convex space. We denote by L(E, E) the totality of continuous 
linear operators in E. 
A family M in L(E, E) is said to be equicontinuous, if for any 
continuous seminorm p on E, there exists a continuous seminorm q 
on E such that p(Tx) < q(x) for all T E M and all x E E, in other 
words, if for any neighborhood U of 0 in E there exists a neighborhood 
V of 0 such that T( I’) C U for all T E M. 
DEFINITION 1.1. A one-parameter family {T, ; t 2 O> in L(E, E) 
is called a semigroup, if it satisfies the following conditions: 
(1) T,T, = Tt+, for any t, s > 0, 
(2) T,, = I (the identity operator), 
(3) limt+, T,x = T,x for any s > 0 and any x E E. 
A semigroup {T, ; t 3 0} is said to be locally equicontinuous, if for 
any fixed 0 <s < co, the subfamily {T, ; 0 < t < s} is equi- 
continuous in L(E, E). 
It is noted that, by the continuity of T,x in t, the Riemann integral 
Ji T,x dt for 0 < s < co exists in the (sequential) completion of E. 
PROPOSITION 1.1. If E is tonne& then every semigroup {T, ; t 3 0) 
in E is locally equicontinuous. 
Proof. Fix an s > 0. Let U be any convex circular closed neigh- 
borhood of 0. Then V = n,, tSs T;l( U) is a convex circular closed 
set. For each x E E, the set {Tlx; 0 < t < s> is bounded in E by (3). 
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Hence, there is a k > 0 such that {Tlx; 0 < t < s] C kU, which 
implies x E kV. This means that V is absorbing. Since E is tonnele, 
V is a neighborhood of 0, which means that {T, ; 0 < t 6 s} is 
equicontinuous. Q.E.D. 
The infinitesimal generator A of a semigroup {T, ; t > 0) is defined 
bY 
Ax = yi $ (Th - I) x, 
whenever the limit exists in E. We denote the domain of A by D(A). 
The following fundamental proposition is proved in the same way 
as in the case of equicontinuous semigroups (cf. Yosida [12]). 
PROPOSITION 1.2. Let {T, ; t 3 0} be a semigroup in a locally 
convex space E. 
(1) If x E D(A), then T,x E D(A) for any t 3 0 and T,x is 
continuously dzflerentiable in t relative to the topology of E, and 
$T,x = ATp = T,Ax ,for every t > 0. 
(2) An element x in E belongs to D(A) and Ax = y if and only if 
T,x - x = 
J 
t T,y ds for any t > 0. 
0 
Note that in this proposition the sequential completeness of E is not 
assumed. 
Proof. If x E D(A), then for t > 0 we have 
T,Ax = T,h;(Th -1)~ =li&(Tt+h - T,)x = h;(T~ -1) Ttx, 
which shows that T,x G D(A) and the right derivative (d+/dt)T,x exists. 
Thus we have 
f T,x = AT,x = T,Ax. 
Consequently, for any x’ E E’ (dual space of E), the scalar product 
( TF, x’) has the right derivative and 
g (Tgc, x’} = (2 Ttx, x’) = ( TtAx, x’). 
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Since this equality shows the continuity in t of (d+/&)(T,x, x’), it 
follows from a well-known lemma concerning the Dini derivatives 
that (T,x, x’) is differentiable in t and 
; ( Ttx, x’) = (T,Ax, x’). 
By the continuity in s of T,Ax, the Riemann integral $t T,Ax ds exists 
in the completion I? of E, and we have 
(T,x - x, x’) = (T,x, x’) - (x, x’) = j; 1 (Tg, x’) ds 
Hence 
= j; (T,Ax, x’} ds = (j’ T,Ax ds, x’). 
0 
i 
t 
T,x - x = T,Ax ds EE for t 3 0, 
0 
which implies that T,x is differentiable in t and 
-$ T,x = T,Ax. 
Thus we have proved (1) and the “only if” part in (2). The “if” part 
in (2) is obtained by dividing by t both sides of T,x - x = Ji T,y ds 
and letting t J. 0. 
COROLLARY. Let E be a locally convex sequentially complete space 
and let {T, ; t > 0} be a semigroup in E. Then for every x E E, J’i T,x ds 
(0 < a, b < GO) belongs to D(A) and we have 
A b 
s 
Tg ds = T,x - Tax. 
a 
Proof. A simple calculation shows that 
( Tt - I) j; T,x ds = j; T,(T,X - Tax) ds. 
PROPOSITION 1.3. Let E be a locally convex sequentially complete 
space. Then for every semigroup (T, ; t > 0} in E, the domain D(A) 01 
its infkzitesimal generator A is dense in E. 
Proof. For x E E, we have limhlo (l/h) Jt T,x ds = x and by the 
above corollary Jt T,x ds E D(A); hence D(A) is dense in E. 
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PROPOSITION 1.4. For every locally equicontinuous semigroup {T; ; 
t 3 0} in a locally convex space E, its injkitesimal generator A is closed. 
Proof. Let (x-} be a net in D(A) with lim, x, = x0 and with 
lim, Ax, = y,, . Then by Proposition 1.2, for any fixed t 3 0 we have 
s 
t 
Ttx, - x, = T,Ax, ds for all (Y. 
0 
Since T, is continuous in E, we have lim,(T,x, - x,) = Ttxo - x,, . 
From the equicontinuity of {T,$ ; 0 < s < t}, it follows that 
lim, Ji T,Ax, ds = Ji TSyo ds. Hence we have 
T,x, - x0 = 
s 
t 
T,Y, 4 
0 
so again by Proposition 1.2 we obtain x,, E D(A) and Ax, = y. , 
which shows that A is closed. 
2. DUAL SEMIGROUPS 
Let E be a locally convex space and E’ its dual space. We denote by 
E;1 the dual space E’ with the strong topology /3(E’, E), and by EA the 
dual space E’ with the weak topology cr(E’, E): 
Let (T, ; t > 0} CL(E, E) b e a semigroup, and let Tt be the 
dual operator of T, , i.e., 
(Ttx, x’) = (x, Tax’) forall XEE andall x’EE’. 
Then we have 
(T,*; t > O> CL(E; , EL) CL(E; , E;), 
and (TT ; t > 0} forms a semigroup in EL : 
(1) TTT.$ = T;“+S for any t, s >, 0, 
(2) T$ = I* (the identity operator in EL), 
(3) o-lim,, TTx’ = T$x’ for any s > 0 and any x’ G E’. 
Condition (3) does not necessarily hold relative to /3(E’, E). Let A’ 
be the infinitesimal generator of {Tr ; t > O> relative to o(E’, E). 
When E is sequentially complete, the infinitesimal generator A of 
{T, ; t 3 0} has domain D(A) dense in E (Proposition 1.3); hence the 
dual operator A * of A is uniquely determined such that 
(Ax, x’) = (x, A*x’) for all x E D(A) and all x’ E D(A*). 
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It is well known that A* is closed relative to u(E’, E). 
PROPOSITION 2.1. Let E be a locally convex sequentially complete 
space. Then we have A’ = A”. 
Proof. Fix an element x’ E D(A’). For any x E D(A) we have 
(Ax, x’) = (li& ; (Th - I) x, x’) = linl$ (; (Th - I) X, X’) 
= l;$ 
( 
x, ; (Th* - I*) X’ 
> ( 
= x, a-bg $ (Th* - I*) x’ 
> 
= (x, A’x’). 
Hence x’ E D(A*) and A’x’ = A*x’, which implies that A’ C A*. 
Conversely, let x’ E D(A*). Then the g(E’, E)-Riemann integral 
0-J: TS*A*x’ ds exists in the u(E’, E)-completion J?” of E’. For any 
x E E we have 
= St (x, T:A*x’) ds = St (T,x, A*x’) ds 
0 0 
t 
= Tp ds, A*x’ 
0 > 
(by the corollary to Proposition 1.2) 
= T,x ds, x’ = (T,x - x, x’) 
= (x, Tfx’ - xl). 
Thus we obtain 0-J: T$A*x’ ds = TTx’ - x’ E E’ for t > 0. Hence 
by Proposition 1.2, we have x’ E D(A) and A’x’ = A*x’, which 
implies that A’ 3 A*. 
THEOREM 1. Let E be a locally convex sequentially complete space 
such that its dual space E’ is also sequentially complete relative to the 
strong topology fi(E’, E). Let {T, ; t 2 0} C L(E, E) be a semigroup 
with the inJinitesima1 generator A. Let us denote by Ef the totality of 
elements x’ E E’ such that Trx’ is /3(E’, E)-continuous in t, with the 
topology induced by /3(E’, E). Then E+ coincides with the closure D(A*) 
of D(A*) in Ei . Let T;t be the restriction of T$ to E+. Then we have 
{Tt ; t > 0} C L(E+, E+) and (T;C ; t > 0} forms a semigroup in Ef 
such that its inJinitesima1 generator A+ is the largest restriction of A* 
with range in E +. In particular, if a semigroup {T, ; t >, 0} is locally 
equicontinuous (resp. equicontinuous), then (Tt ; t > O> is also locally 
equicontinuous (resp. equicontinuous). 
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Remark. This theorem was proved by Phillips [S] for the special 
case of a Banach space. For equicontinuous semigroups in locally 
convex spaces, the theorem was proved by Komatsu [5] and 
Yosida [12]. 
We need the following lemma for the proof of Theorem 1. 
LEMMA 2.1. Let E be a locally convex sequentially complete space 
and let {T, ; t 3 0} be a semigroup in E. Then for any s > 0 and for 
any bounded set B in E, the set {T,x; 0 < t < s, x E B} is bounded in E. 
Proof. Let x’ E E’. Since Tfx’ is u(E’, E)-continuous in t, 
(Trx’ ; 0 < t < s} is a(E’, E)-bounded, hence P(E’, E)-bounded by 
the sequential completeness of E. Thus we obtain 
SUP l<Ttx, x'>l = 
O<t< s.scB 
sup 
O<t< s.reB 
1(x, T,*x’)j < co for any x’ E E’, 
which proves the desired result. 
Proof of Theorem 1. It is easily seen that (Tf; t 3 0} is contained 
in L(E+, E+) and forms a semigroup in Ef. 
Ef is closed in Ei . In fact, let x’ be an arbitrary limit point of E+. 
Foranys>,OandanyboundedsetBinE,C={T,x;O<t <s+l, 
x E B) is bounded in E by the above lemma. Hence, for any E > 0, 
we can choose an element y’ E E+ such that 
I<T& 2’ -r’>l < E for O<t<s+l and XEB. 
By the continuity of Tty’ in t, there is a 6 > 0 such that 
1(x, T:Y' - T,*y'>I < Q for It-s] (6 and XEB. 
Thuswehaveforjt-sl <min(l,6)andallxEB 
1(x, T:x’ - T:x’)I 
< 1(x, Tt*x’ - T,*y')I + 1(x, T,*Y' - T,*y')l + 1(x, TTY' - T:x’)l 
= I(Ttx, x’ -r'>l + I& T,*y' - T:Y’)I + l<T~,y’ - x’>l 
<P+E+E=3E, 
which shows the continuity of TFx’ in t. Hence x’ E E+. 
Next we shall show that D(A*) C E+. By Propositions 1.2 and 2.1, 
for any x’ E D(A*) = D(A’) there exists u- lim,,, (l/h)( T&, - Tt) x’ 
E E’ for t > 0. Consequently the set 
B’ = {(l/k)(T;“,p& - T:) x’; -4 < h < 1, h # O} 
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is u(E’, E)-bounded, hence /3(E’, E)-bounded and we have 
Kh - T,*) x’ E hB’ for --t < h < 1, 
which implies a fortiori the /3(E’, E)-continuity of TFx’ in t. Hence 
x’ E Ef. 
We have obviously A+ C A’ = A* and D(A+) C D(A’) = D(A*) C E+. 
Since EL is sequentially complete and E+ is closed in EL , Ef is also 
sequentially complete. Thus, by Proposition 1.3 D(A+) is dense in E+, 
hence 
- - - 
D(A+) = D(k) = D(A*) = E+. 
In order to prove that A+ is the largest restriction of A* with range 
in E+, we take an element x’ E D(A*) such that A*x’ 1’ E+. Since 
T$A*x’ is /3(E’, E)- continuous in t, the integral ,9-J, T,fA*x’ ds 
exists in E+. For any x E E, we have 
t T,+A*x’ ds 
0 
= 1” (x, T,;A*x’) ds = s: (TSx, A*x’) ds = (c” T,x ds, A *x’ 
0 0 > 
(by the corollary to Proposition 1.2) 
= 
U 
A t Tg ds, x’ 
> 
= (T,x - x, x’) = (x, T,+x’ - x’). 
0 
Thus we have 
B-i: T,+A *xl ds = T,ix’ - x’ 
and, by Proposition 1.2, x’ E D(A+) and A+x’ = A*x’. 
The last part of the theorem is obvious. 
COROLLARY. Let {T, ; t > 0} be a semigroup in a locally convex 
space E with the injkzitesimal generator A. If E is re$exive (i.e., semi- 
rejexive and tonnelk), then we have 
E’ = E+ = D(A*) and A+ = A*, 
in other words, {T f* ; t > O> forms a semigroup in Ei such that its 
infinitesimal generator is precisely A*. 
This follows directly from Theorem 1, since the conditions in 
Theorem 1 are satisfied for a reflexive space E. 
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3. GENERALIZED LAPLACE TRANSFORMS 
In this chapter we introduce some spaces of vector-valued distribu- 
tions and spaces of their generalized Laplace transforms, which are 
necessary for our theory of locally equicontinuous semigroups. 
By SS we denote the space of all complex-valued infinitely differen- 
tiable functions with compact supports defined on R1 = (- co, co). 
BY %c.kl for 0 < K < cc (resp. 9~~~ al for --co < a < co), 
we denote the space of all functions in 9 with supports contained in 
the interval [--R, k] (resp. (- co, u]). The topology of ~L-~,J is 
defined by a family ( p,) of seminorms 
for v E 9t--k,kl and n = 0, 1, 2 ,..., 
and the topology of 9 is defined as the inductive limit of S’-k,k~ for 
h = 1) 2, 3 ).... We introduce in 9(-m aj the topology induced by 9. 
For any q~ E 9, we define its adjoint Laplace transform q? by the 
relation 
$(A) = & jy, eAtp?(t) dt (A = complex number). (3-l) 
Then, we have 
d h ( 1 ZT = --h+, 
and 
Let us denote by D (resp. Drek,~l , D(-,,,I) the image of 9 (resp. 
%k.kl > 9?-m,,~) by the transformation y -+ +. Then it follows from 
the Paley-Wiener theorem that D _ [ k,kl consists of all entire functions f$ 
such that for any integer N > 0, there exists a number C = C(N) > 0 
with 
) f.p(h)l < C(1 + ( h I)-NeQI (A = /L + iv) (3.4) 
(cf. Hijrmander [4]; Yosida [12]). Every g, E 9 is obtained from C$ E D 
bY 
e-*4$(A) dh = srn e-tfr+iu)+(p + iv) dv (A = p + iv), (3.5) 
-a? 
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where the integral does not depend on the choice of II. Thus y and 4 
correspond to each other in a one-to-one manner. 
We define the topology of DtPk,~l by a family (qn) of seminorms 
!A%@) = y! I ewl for I$ ED~-~J and n = 0, 1, 2 ,..., 
1 
where C, = {h = p + iv; 1 p 1 ,< Z} for a fixed positive number 1. 
This topology is independent of 1. The topology of D is defined as the 
inductive limit of Dt-k,kl for k = 1,2, 3,..., and the topology of 
Q-~,,I is the one induced by D. Then the adjoint Laplace transform 
(3.1) IS a topological isomorphism of 9 (resp. gt+~ , ~c-~,~I) onto 
D (resp. Q-WI 9 Dt-m,d 
Let E be a locally convex sequentially complete space. We assume 
throughout the remainder of this paper that E is sequentially complete. 
We consider the space L(g, E) of all continuous linear operators from 
9 into E, i.e., E-valued distributions. As in the case of scalar valued 
distributions (cf. Schwartz [9]), we say that an F EL(~, E) vanishes 
in an open set U of RI if F(F) = 0 for any v E 9 with support 
contained in U, and the support of F is defined as the complement of 
the largest open set in which F vanishes. 
For any F E L(9, E), its generalized Laplace transform P is defined 
bY 
&$) = F(v) for all Q ED, (34 
as an element of L(D, E). Then, there exists a one-to-one correspond- 
ence F +-+p between L(SB, E) and L(D, E). 
Example. Let p(h) b e an E-valued holomorphic function in the 
right half-plane Re(X) > 0 of C1 satisfying the following conditions: 
(1) for any I$ E D and for any p > 0, the Riemann integral 
.I-,‘-‘:I &V@) dh converges in E; (2) this integral is independent of 
p > 0; (3) the operator: Q + J““:: $@)$+(A) dh is continuous from D 
into E. Then p(A) can be interpreted as an element p of L(D, E) by 
P@) = ; s;;:, +(h)&i) dh = j-m $(p + iv)P(p + iv) du for $ED. 
--m 
(3.7) 
For instance, let $‘(A) b e an E-valued entire function such that for 
any continuous seminormp on E, there exist an integer N = N(p) > 0 
and a number C = C(p) > 0 with 
p@(A)) < C(1 + 1 h l)Nekl*l (A = p + q, (3.8) 
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where k is a positive number independent of p. Then thisP(X) defines 
an3 E L(D, E) in the above sense. In fact, the existence of the integral 
in E follows from conditions (3.4) and (3.8), and from the sequential 
completeness of E. Next, let F(t) be an E-valued locally Kiemann 
integrable function on R1. Then F(t) can be considered as an element F 
of L(5B, E) by 
F(v) = jIm fp(t)F(t) dt for v E 9. (3.9) 
Moreover, if F(t) has a compact support, its generalized Laplace 
transform $’ EL(D, E) is identified with 
P(A) = j”“, eeAtF(t) dt, 
which satisfies the condition (3.8). 
When E is the one-dimensional complex space Cl, we denote as 
usual by SB’ (resp. D’) the spaceL(SS, E) (resp. L(I), E)). Then we have 
THE PALEY-WIENER THEOREM FOR DISTRIBUTIONS. An entire 
function f(X) is the generalized Laplace transform E D’ of a distribution 
f E 9’ with support contained in the interval [-k, k] if and only if there 
are an integer N > 0 and a number C > 0 such that 
If(h)I < Cl1 + I A lYeLip (A = p + iv) (3.10) 
(cf. Hijrmander [4]; Yosida [12]). 
Making use of this theorem, we have 
THE PALEY-WIENER THEOREM FOR E-VALUED DISTRIBUTIONS. An 
E-valued entire function F(A) is the generalized Laplace transform 
E L(D, E) of an E-valued distribution F E L(Q, E) with support contained 
in the interval [-k, k] if and only if for every x’ E E’ there exist an 
integer N = N(x’) > 0 and a number C = C(x’) > 0 such that 
l@(A), x’)l < C(l + 1 h I)N e”lPI (A = P + iv). (3.11) 
Proof. Let p(A) be an E-valued entire function which is the 
generalized Laplace transform P E L(D, E) of an F G L(B, E) with 
support C r-k, k]. Then for every x’ E E’ we have (P(4), x’) = 
(F(v), x’) for p? E 9, which shows that (P(a), x’)(cD’) : $ + (P(4), x’) 
is the generalized Laplace transform of (F(s), x’) E B’. Moreover the 
entire function (P(h), x’) means (P(e), x’), and (F(a), x’) has a 
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support C [--K, k], h ence by the Paley-Wiener theorem for 
distributions, we obtain (3.11). 
Conversely, let P(X) b e an E-valued entire function satisfying (3.11). 
tt suffices to show that P(h) satisfies also (3.8) for the same k. In fact, 
then a(h) defines an p EL(D, E) and 13 is the generalized Laplace 
ransform of an F EL(~, E). By the Paley-Wiener theorem for 
distributions and by (3.1 l), (F(e), x’) for every x’ E E’ has a support 
C [--k, k], consequently F has a support C [--K, K]. 
Proof of (3.11) a (3.8). Supp ose that (3.11) holds and that (3.8) 
does not hold for some continuous semi-norm q on E. We construct 
sequences N, , C, , E, , h, , XI, (n = 1, 2, 3 ,...) by induction as follows. 
Let Nr = 1, C1 = 1 and or = l/2. By the assumption we can find 
tia; p1 + iv, such that q(P(h,)) > 6(1 + 1 h, I)eklpll. Since we know 
P(X) = ,:;;J I(? 41 for XE E, (3.12) 
where U = {X E E; q(x) < l} and U” = {x’ E E’; 1(x, x’)l < 1 for all 
x E U},we can choose X; E Vsuch that 1 (P(X,), x;)[ > 6(1+ 1 h, I)eklPll. 
Suppose N, , C, , E, , h,, , xi, (m = 1,2 ,..., n - 1) have been deter- 
mined. Then by (3.11) there are N,(>N,-r) and C,( >Cn-r + 1) 
such that 
I(@), x;J < C,(l + I h 1)“s ek’p’ (A = p + zig. (3.13) 
Since the set {I(&,), x’)j; 1 < m < n - 1 and x’ E U”) is bounded, 
there exists 0 < E, < l/2” such that 
Again by the assumption, there exists h, = pit + iv% such that 
Hence by (3.12) there is xk E U” such that 
(3.14) 
(3.15) 
Thus N, , G , E, , h, , xk have been determined for all n. Put I x, = C;l=l E,X:, . From the fact that U” is convex circular and 
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u(E’, E)-compact, and that X:=1 Ed < 1, we have XL E Us. Then, 
by (3.13), (3.14) and (3.15) we have for any n 
n-1 
> 3C,(l + 1 A, j)Nn eklclltl - c e,C,+,(1 + } A, ])%+I ekllrnl - 
WI=1 
> C,(l + 1 A, ])Nm ekJpnl, 
which contradicts (3.11). 
&mark. Thus (3.8) and (3.11) are equivalent, since (3.8) implies 
trivially (3.11). 
Now fix a number a > 0. Then we have 9(-m,ol C 9(-m,a~ (resp. 
Dt-m,ol CDtVao,,l). We consider the space L(9(-,,,I , E) (rap. 
L(D(-,,,I , E)) of all continuous linear operators from 9(-m,al 
(resp. DC-,,,]) into E, with the topology of uniform convergence on 
bounded sets in 9(-,,,] (resp. D(-,,,I). Let us denote briefly by 
9:(E) (resp. D:(E)) the set of F EL(~(-,,,I , E) (resp. L(D(-,,,I , E)) 
such that F(y) = 0 for all 97 E 9(-m,ol (resp. DfVm,sl), and introduce 
in this space .9;(E) (resp. D;(E)) the topology induced byL(B(-,,,I , E) 
(resp. L(D(-,,,I , E)). For E = Cl, we use the notation 9; (resp. DA) 
instead of 5%$(E) (resp. D:(E)). 
For any F ~L(g(-,,,l , E), its generalixed Laplace transform P is 
defined by 
P($) = F(v) for all $ E Dt-m,al , (3.16) 
as an element of L(D(-,,,I , E). Then, the generalized Laplace 
transform (3.16) is a topological isomorphism of L(9(-,,,I , E) onto 
L(Dt-,,,I , E), and moreover, of 9;(E) onto D&(E). Both 9:(E) and 
D:(E) play an important role in our theory. 
Every element of L(9, E) (resp. L(D, E)) is identified with an 
element of L(~(-,,J , E) (resp. L(D(-,,a~ , E)) by considering its 
restriction to 9(-m ,al (resp. Dt-,,,I). If FE L(9, E) has a support 
contained in [0, co), then F is identified with an element of 9;(E). 
Further for any FE L(B, E), its generalized Laplace transform 
$‘eL(D, E) defined by (3.6) 
defined by (3.16). 
is identified with one EL(D(-~,~I , E) 
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LetP E DA(E). If there exists an E-valued functionfl(h) holomorphic 
in the right half-plane Re(X) > 0 of Cl such that for any I$ E D(-, ,a] 
and for any TV > 0 
then we shall say that this function p(h) is a representation of P, or 
that 8’ is represented by p(h). 
Now, let F be an element of g:(E) which is the restriction of an 
element Fl ofL(g, E). Let h be a scalar-valued, infinitely differentiable 
function on R1 such that h(t) = 1 for t < a, and h(t) ‘= 0 for t > a + 1. 
Then the element hF, EL(~, E), defined by (hF,)(v) = F,(hv) for 
y E B, has a compact support C [0, a + 11. Therefore its generalized 
Laplace transform E L(D, E) is an E-valued entire function P(X) satis- 
fying (3.11) for k = a + 1. Moreover, hF, is equal to F in g:(E). 
Thus an F E a:(E) extensible to an element of L(g, E) has its general- 
ized Laplace transform P E D:(E) represented by an E-valued entire 
functionP(h) with the condition (3.11) or (3.8). 
Example. Let f E L(Bc-,,,I , Cl) and let x E E. Then f @ x can 
be interpreted as an element of L(9(-,,,I , E) by the relation 
(f 0 x)(P)) = <cpLf) x for v E %d . (3.17) 
In particular, for Dirac measure 6 E 9: we have 6 @ x E g:(E). 
On the other hand, let f(h) b e a holomorphic function in Re(X) > 0 
which defines an PE D’. Then, f @ x is interpreted as an element of 
L(D(-,.,I , E) by the relation 
where p > 0 is arbitrary. Particularly, we have 1 @ x E L(Dc-,,~J , E) 
and 
(S@x)” = 1 OXED;( (3.19) 
because we have by (3.5) 
(8 63 x>^ ($1 = (6 0 x>(v) = <% 8) x = 940) * = (Jim $J(P + iv> d”) x 
= @, 1) x = (1 0 x)@) for $J E D(-,,,I . 
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Let us denote by 6, Dirac measure concentrated at t = a. Then 
6, @ x denotes zero element 0 in S:(E) and 
(6, @ xy = e-A @ x, (3.20) 
thus ehaA 6 x means also zero element 0 in D:(E). 
For any FE Z&(E) (resp. p E D;(E)), its generalized derivatiwe 
(d/dt)F (resp. (d/dh)fl) is defined by the relation 
(-$F) (cp) = --F (-&v) for P, E %-ma,a~ ; 
(--$p) (G) = -@ ($- $) for Q ED(-~,~I, 
(3.21) 
as an element of&(E) (resp. DA(E)). If an E-valued functionF E 9:(E) 
is differentiable in the usual sense, then its usual derivative coincides 
with the generalized derivative. This operator d/dt (resp. d/dh) is 
continuous in 9;(E) (resp. D;(E)). 
For any FE 9:(E) (resp. $’ E D:(E)), the multiplication tF by t 
(resp. ti by A) is defined by the relation 
W)(v) = F(tFJ) for P E %m,a~ ; (3.23) 
'7J)($) = P(hlfJ) for + E %,.,I, (3.24) 
as an element of 9;(E) (resp. D:(E)). This operator t (resp. A) is 
continuous in 9;(E) (resp. D:(E)). Then we have from (3.2) and (3.3) 
A# = (-gF)^ for FE g;(E), (3.25) 
$p =(--tF)^ for FEDS. (3.26) 
The following lemma is clear. 
LEMMA 3.1. If an E-valued function P(h) holomorphic in the right 
half-plane Re(h) > 0 of Cl is a representation of an p E DA(E), then 
M(A) is a representation of 7S. 
4. GENERALIZED RESOLVJZNTS 
We begin with arguments on some convolutions. Let E be a locally 
convex sequentially complete space. Let .S,(t > 0) be a locally equi- 
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continuous family in L(E, E) such that for any x E E, S,x is continuous 
in t > 0. 
For any F E 53:(E), the convolution F * S, is defined by 
as an element of g:(E), where T-W(S) = ~(s + t). 
Indeed, for a fixed y E 9(-m,,~ , as t -+ s (0 < t, s < 00) we have 
7-w + ~-gp in B(-m a~ , hence F(T-~~) +F(T-~~) in E. From this 
continuity of F(~-~y)‘in t and from the continuity in t and the local 
equicontinuity of S, , we obtain the continuity of Sf(F(~-~q)) in t. 
For t 3 a we have 7-1p E 9n(-co,01 , hence F(T-,v) = 0. Thus the 
integral J” St(F(~-pp)) dt = r S,(F(T-p)) dt exists in E. Next we 
shall show’that F * S, E gL(E).‘Let q - 0 in 9(-,,~ . Then TQ~+ 0 
in g(-= ,d uniformly for 0 < t < a, henceE(T-W) 4 0 in E uniformly 
for 0 < t < a. By the local equicontinuity of S, , S,(F(T-p)) -+ 0 
in E uniformly for 0 < t < a, hence [” S,(F(T-~)) dt -+ 0 in E. 
I f  v  E q-a,01 , then we have F(T-~P))‘= 0 for t 3 0, hence 
(F * S,)(y) = 0. Thus we obtain F or S1 E 9:(E). 
PROPOSITION 4.1. The linear operator: F + F * S, on 9:(E) into 
itself is continuous. 
Proof. Let U be an arbitrary neighborhood of 0 in 9:(E). We may 
assume that for a continuous seminorm p on E and a bounded set B 
in gh,d , U = {F E 9;(E); p(F(v)) < 1 for all F E B}. Since 
S,(O < t < a) is equicontinuous, we can find a continuous seminorm 
q on E such that p(S,x) < q(x) for 0 < t < a and x E E. The set 
C = {T-fp; cp E B, 0 < t < a> is bounded in 9(-m,al, and V = 
{F E %W; q(F(p)) < 1 f or all v E C) is a neighborhood of 0 in 9:(E). 
If F E V, we have for any 9 E B, 
which implies that F * S, E aU. Q.E.D. 
Now we return to locally equicontinuous semigroups in E. Let 
{T, ; t 3 O> be a locally equicontinuous semigroup in E. We extend 
T1 for -co < t < co, setting T, = 0 for t < 0, which we denote 
again by {T, ; -co < t < a>. Then for every x E E, T,x is an 
E-valued locally integrable function on RI, hence we may consider 
T,x as an element of 9;(E). 
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We have 
(6 @ x) * Tt = T,x 
Indeed for y E 9(-co,al , 
for XE E. (4.2) 
((s @ x) * T,)(~) = jm Tt((S @ x)(~.vtv)) dt = jr T,((T-tv, Q x) dt 
0 
= j” Tt(&) x) dt = jr y(t) Ttx dt = (Ttx)W 
0 
Moreover we have 
F*TtcTt*...*Tt=F* 
p-l 
(n - l)! Tt 
n 
for F E 9:(E) and n = 1,2,3 ,..., (4.3) 
in particular 
(6 @ x) * Tt * T, * ~ T,x 
(n - l)! 
n 
for XEE and n = 1,2,3 ,.... (4.4) 
For simplicity we shall prove the formula (4.3) for the case of n = 2. 
For T E ~G,~I , we define G(s) by G(s) = F(T-,v) for s 3 0, and 
G(s) = 0 for s < 0. 
(F * Tt * Tt)(v) 
= ((F * Tt) * T,)(v) = j,” Tt 1 jr T,(F(T-(,+NN A/ dt 
= j”, T, 1 j_“, T,(G(t + s)) ds/ dt = j_“, Tt 1 j”, T,-t(G(4) dsf dt 
z j;, /j; TtT,-t(G(s)) ds/ dt = j”, 1 j;, TtTs-t(G(s)) dt/ ds 
= jm ~jsi’tT~~,(G(~)) dtj ds = jmm 1,: TAG(s)) dtl ds 
--m 0 
= jm sT,(G(s)) ds = jm sT,(F(r,y~)) ds = (F * ST&P), 
-02 0 
where the commutativity of order of the integrals follows from the 
local equicontinuity of (T, ; -co < t < a}. 
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We define a linear operator R on D;(E) into itself by 
R13 = (F * 7-J for P E DA(E). (4.5) 
Later it is proved that this operator R is equal to the generalized 
resolvent of the infinitesimal generator A of {T, ; t > O} (Theorem 2). 
COROLLARY TO PROPOSITION 4.1. The operator R on D:(E) into 
itself is continuous. 
By (3.19) and (4.2) we have 
R(1 @ X) = (T,x)* for XE E, (4.6) 
and by (4.3) 
I 
p-1 
A 
Rnl;‘=(F*Tt*Tt*...*Tt)A= F*p 
(n - l)! Tt 
n 
for P E D;(E) and n = 1,2, 3 ,..., (4+7) 
in particular, by (4.4), 
R”(I @ x) = ]& T,x 
1 
h 
for x E E and n = 1,2, 3 ,... . 
(4.8) 
Next we have 
$ R(l 0~) = (-I)” n! R”+i(l @x) for XGE and n = 1,2, 3 ,.,. . 
(4.9) 
Indeed, by (3.26), (4.6), and (4.8), 
;R(l ox) = (-tT,x)^  = -R2(1 ax). 
If (4.9) is valid for a positive integer n, then we have by (3.26) and (4.8), 
g+;R(l ox) =;{(+!R”+‘(l ax)} = (-l)Vd,(+~)~ 
= (-l)n+l n! r; TLx)- = (-l)n+l(n + I)! R*+z(l ox). 
Thus (4.9) is proved by induction. 
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From (4.9) it follows directly that 
T 5 R( 1 @ x) = (- 1)” Xn+rRn+r( 1 @ %) 
Now we put 
for XEE and n = 1,2,3 ,.... (4.10) 
R(h) x = 1,” e+T,x dt for x E E. (4.11) 
Then, corresponding to the equality (4.10), we have 
q-$R(X)a = (-l)“Xn+lj(le-“t~T,xdt. 
0 
(4.12) 
PROPOSITION 4.2. Let {T, ; t > 0} be a locally equicontinuous 
semigroup in E. Then R(X) x is an E-valued entire function with the 
condition (3.8) for any Jixed x E E. R(h) is a continuous linear operator 
in E for any fixed h and the family of operators 
I k 
n+l dn 
n! dc;" %4 
p > 0 and n = 0, 1,2,... 
I 
is equicontinuous. Moreover R(X)x is a representation of R( 1 @ x), and 
T $ R(A) x is a representation of G1gnR( 1 @ x) 
for 12 = 0, 1, 2 ,.... 
Proof. For any continuous seminorm p on E, there is a continuous 
seminorm q such that p(T,x) < q(x) for 0 < t < a and x E E; hence 
p (,n+l j: e--pi s T@ dt) < q(x) q j5 e-Pttn dt < q(x), 
. 0 
co e-pttn & = n! 
0 CL ?a+1 
which shows by (4.12) the equicontinuity of 
I 
CL n+l &a 
--R(P); n! d$’ /.t > 0 and n = 0, 1,2 ,... 
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By (4.6), R(h)x is a representation of R(l @ x). By (49, (4.10), (4.12) 
and by Lemma 3.1, 
is a representation of 
~zR(l 04 for n = 0, 1,2 ,... . 
Remark. By (4.11) and (4.12) we see easily that (dn/dhn)R(X)x is 
not necessarily equal to (-~)%.z!R(X)“+~X. Moreover, the family 
ARK; p > 0 and n = 0, 1, 2,...) is not necessarily equicontinuous. 
This is the reason why we adopt as a representation of (- l)nhn+lRn+l 
(1 @ x), not (- l)nhn+lR(h)n+l~, but 
DEFINITION 4.1. Let A be a linear operator in E. We define a 
linear operator ~2 in 9;(E) by 
bfw?J) = 4W) for FE Q;(E) and 9) E~(-,,,J , (4.13) 
if F(v) E D(A) for any g, E ~c-~,J and if the operator : y + A(F(y)) 
belongs to 9;(E). S imilarly, we define a linear operator A in D;(E) by 
ww) = 4m) for fl ED&!?) and @ ED+,J , (4.14) 
if P(G) fz D(A) f or any $ E D(-,,a~ and if the operator : $ + A(@(+)) 
belongs to D;(E). By D(d) (resp. D(A)) we denote the domain of & 
(resp. A). If the linear operator (X - A) has a continuous inverse 
(h - A)-1 defined on DA(E), this inverse (1 - A)-l is called the 
generalized resolvent of A. 
From the above definition, it is to be noted that we have F E D(d) 
if and only if E E D(A) and that more precisely we have 
A@ = (dF)^. (4.15) 
PROPOSITION 4.3. If A is a closed linear operator in E, then the 
operators ~2 in 9;(E) and A in D;(E) are closed. 
Proof. For the closedness of SZZ we have to show that for a net 
{F=} C D(d) with lim, F, = F in 9;(E) and with lim, sZ..~ = G in 
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S&(E), we have FE II(&) and RZF = G. For any fixed v E Bc-, al , 
we have F,(y) E D(A) with lim, F,(y) = F(v) in E and with 
lim, A(F,(y)) = 1 im, (~FA(T) = G(F) in E. Since A is closed, it 
follows that F(y) E D(A) and A(F(v)) = G(y), hence we have F E II(&‘) 
and &F = G. By (4.15), th e closedness of A follows from the 
closedness of &‘. Q.E.D. 
For later use we introduce approximation of F E .9;(E) by regulari- 
zations. Let $,(n = 1, 2, 3,...) b e a sequence of functions in 9 such 
that 
&n(t) 3 0, support of &C [1/2n, l/n] and 
s 
Im #&) dt = 1. (4.16) 
Set G%(t) = #J--t). Th en T!$~ E .G$-m,,~ for t < a. Hence for any 
F E g:(E), the convolution F * &, is defined by the relation 
(F * &J(t) = WthJ for t < a. (4.17) 
LEMMA 4.1. (1) For any F E 9;(E), F * h(t) is an E-valued 
infinitely dzperentiable function in t < a and is equal to 0 for t < 0, 
hence F JF: #, belongs to 9;(E). Moreover we have 
& (F * #d(t) = ($F * tin) 0) = (F * $ A) (4 for t < a, (4.18) 
and 
li+li(F * t,b,J = F in g&?g. (4.19) 
(2) For any F E II(&), we have (F * $n)(t) E D(A) for t < a and 
A((F * (ddt)) = (J@ * Ad(t) for t < a. (4.20) 
Proof. (1) p is roved in a similar way to the case of scalar-valued 
distributions. (2) We have for t < a, 
4(F * Az;z)W = WTv?n)) = P’WthJ = (JalF * &J(t)- 
PROPOSITION 4.4. If A is a densely defined linear operator in E, 
then the operators & in 9;(E) and A in DA(E) are densely deJned. 
Proof. Let F be any fixed element of B:(E). Let a continuous 
seminorm p on E, an E > 0 and a bounded set B in g(-m,a~ be 
arbitrarily given. Put M = sup tGa,p.Bl dt)l. Let $A = 1,2, 3,...) be 
a’sequence in Z@ with the condition (4.16). Consider the convolution 
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F c $J, E 9:(E) and put F, = F * I/, . By Lemma 4.1, there exists an 
F, with 
P((F - FnkPN < ; for all v E B, (4.21) 
and by the uniform continuity of F, on [0, a], there is an integer 
m > 0 such that 
P(~?4~2(t) -F&)) -=I j-&j for 1 t - s 1 < i, 0 < t, s < a. (4.22) 
Put t, = la/m for I = 0, I,..., m. Since D(A) is dense in E, we can 
find x1 , x2 ,..., x, E D(A) such that 
*(Fn(tz) - 4 < &j for 1 = 1, 2 ,..., 711. (4.23) 
For I = 1, 2,..., m, we define fr by jr(t) = 1 for t,-, < t < t, , and 
fl(t) = 0 otherwise. Then we have fr E $9; , so fr @ x1 E D(d) for 
I = 1, 2,..., m, hence CLrfr @x1 E D(d). Making use of (4.21), 
(4.22), and (4.23), we have for all q E B 
which implies that D(d) is dense in 9;(E). Consequently D(A) is 
also dense in DA(E). Q.E.D. 
Now, let A be the infinitesimal generator of a locally equicontinuous 
semigroup {T, ; t > O> in E. Then, since A is closed and densely 
defined (Proposition 1.4 and 1.3), the operator ZZI in 9:(E) (resp. A 
in D;(E)) defined by (4.13) (resp. (4.14)) is closed and densely defined, 
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LEMMA 4.2. Let A be the infkitesimal generator of a locally equi- 
continuous semigroup {T, ; t 3 0} in E. Then, the range R(R) of R 
defined by (4.5) is contained in the domain D(A) of A and we have 
(n-A)R=I (the identity operator in D:(E)). 
Proof. Take an P E D:(E). We have for I$ E Dt-,,a~ and for h > 0 
f (Th - 4((R&$)) = $ (Th - W(F * TX ($)I = ; (Th - O>((F * T,)(v)) 
-- I j-” T,(F(T-,p)) dt + ; s:” T@(~-R)) dt 
h 0 
= I1 - Is + I3 , say. 
From the local equicontinuity of (T, ; t > 0} and from the fact that, 
as h 10, (llh)(vt--h)~ - VP) + --7-444d in 9 uniformly on 
any compact interval of t, it follows easily that as h J 0, 
Yzz -(F * TX (-$ P)* 
= -(RP)( -A$) = (hRP)@). 
Since T,(F(7-w)) is continuous in t, as h JO, 
4 -F(v) = e+% and 13 - T,(F(T-,y)) = 0. 
Thus we obtain w E D(A) and AR8’ = X@ - P. 
THEOREM 2. Let E be a locally convex sequentially complete space. 
Let A be the infinitesimal generator of a locally equicontinuous semigroup 
{T, ; t > 0) in E. Th en, there exists the generalized resolvent (X - A)-l 
of A, which is equal to the continuous linear operator R defined by (4.5): 
(h - A)-l = R, (J-24) 
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Proof. We shall show that (X - A@ = 0 for an P E D(A) implies 
P = 0. By (3.25) and (4.15), the conditions (h - A@’ = 0 and 
(d/d - d)F = 0 are equivalent. Therefore, it suffices to show that 
(dldt - &)F = 0 for an F E D(d) implies F = 0. 
Let us suppose that (d/dt - &‘)F = 0 for an FE D(zzZ). Let #, 
(n = 1,2, 3,...) be a sequence in 9 with the condition (4.16). We 
consider the convolutions F * $, E g;(E). By Lemma 4.1, F t lCln(t) 
is an E-valued infinitely differentiable function in t < a and 
F * &(t) = 0 for t < 0. Since FE D(J&‘), we have F t s,&(t) E D(A) 
for t < a, and by (4.18) and (4.20) 
= ((-&F - &F) c I&) (t) = 0 for t < a, 
by the assumption. Setting F, = F * I& , we obtain 
f&(t) = 4FnW) for t < a. (4.25) 
From the local equicontinuity of (Tt ; t 2 01, it follows that Tt+Fn(s) 
is continuously differentiable in s (0 < s < t < a) and RO we have by 
(4.25) 
FnF,(t) = ,:, $ (~Jn(sN ds 
= I t T&4F,(s) - AF,(s)) ds = 0 for 0 < t < CI. 0 
Hence F,(t) = 0 for t < a and n = 1,2, 3,.... Consequently, we 
obtain F = 0, because lirnn+= F, = F in 9$(E) by (4.19). Thus, 
considering Lemma 4.2, the inverse (h - A)-l exists and must 
coincide with the continuous linear operator R. 
Remark. 
D(A) = D(A - A) = R(R), 
D(R) = R(n - A) = D;(E). 
5. GENERATION OF SEMIGROUPS 
In this chapter we deal with the generation of locally equicontinuous 
semigroups. For this purpose we have to introduce another convolution 
and a continuous linear operator h-1. 
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Let E be a locally convex sequentially complete space. Let BM(-,,,l 
be the space of all complex-valued infinitely differentiable functions v 
with supports contained in (- co, a] such that for any integer n > 0 
there exist an integer N = N(n) > 0 and a number C = C(n) > 0 
with 
(5-I) 
Then for every ‘p E OMci(-a,al , its adjoint Laplace transform $ is 
defined by (3.1) an IS o omorphic for Re(X) > 0. By OM(-m,al we d’ h 1 
denote the space of adjoint Laplace transforms of OM(-m,al . Every 
pl E 0,~~,,,I satisfies (3.2) for Re(h) > 0. Hence every @ E Ow(-m,al 
fulfills the condition that for any fixed p > 0 and any integer N 3 0, 
there exists a number C = C(p, N) > 0 with 
I @(I” + iv)! d C(1 + I p + iv IFN. (5.2) 
Every 9) E OM(--m,al is obtained from r$ E OM(--m,al by (3.9, where the 
integral is independent of p > 0. We need to extend every F G 9;(E) 
on k-4 . Let h be a real-valued infinitely differentiable function 
such that h(t) = 1 for t 2 0, and h(t) = 0 for t < b, where b is a 
negative number. Then we have hp, E .9(-m ,al for any v E OM(-*,~l . 
We define F(q) for 9 E OM(-m,al by F(F) = F(h?). This definition is 
independent of the choice of h. We next extend every 6’ E D;(E) on 
%d-co,al 9 by p(G) = F(V) for $ E %c-~,~I . 
LEMMA 5.1. Let F(h) 6 e an E-valued holomorphic function in the 
right half-plane Re(X) > 0 of Cl such that for any Jixed TV > 0 and any 
continuous seminorm p on E, there exist an integer N = N(p, p) > 0 
and a number C = C(,, p) > 0 with 
p(& + iv)) d C(1 + I P + iv I)“. (5.3) 
If F(h) is a representation of an F E D:(E), then it is also a representation 
of Pfor OM(-m,a~ , i.e., we have for any $3 E OM(-m,al , 
$(A) P(h) dh = j-m $(p + iv) @I + iv) dv, 
-co 
where the integral is independent of the choice of p > 0. 
Proof. From (5.2) and (5.3), it follows that the above integral 
converges and is independent of p > 0. Let h be a real-valued 
infinitely differentiable function such that h(t) = 1 for t > 0 and 
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h(t) = 0 for t < -1. Put h,, = 7-Jz for m = 1,2, 3 ,.... For any 
+ E OM(-a,al , we have 
the last member converges to JTm I$(P + iv)& + iv) dv as m -+ co. 
In fact, since (5.1) holds for (1 - h,)p, uniformly in all m > 1, we 
have by (5.3) and (3.2), 
p ( jI,gp + iv)P(p + iv) dv - j”, (~vJ)~ (CL + iv)$(P + “) dv) 
x (1 + 111 +ivI)-“dv 
< C’ 
s 
-m &(l + 1 t j)N’ dt + 0, as m-t co, 
-(D 
where N’ is an integer >0 and C’ is a number >O. Q.E.D. 
Let f be an element of 9’ with support contained in [0, co) such 
that for any y E g(-m,a~ , the function (Tdlq), f) in t belongs to 
Qf(--O3,al - Then for any F E Q;(E), the convolution F *f is defined as 
an element of 9:(E) by 
(F *f)(v) = Ft((~-t~,f)) for v E -%m,a~ , (5.4) 
where F( means that F operates on the function (T-~F, f) in t. It is 
easily seen that F *f is in 9;(E). Furthermore the linear operator: 
F -+ F *f on 9;(E) into itself is continuous. 
We have 
-$*f) =F*$f, (5.5) 
where (d/dt) f means the derivative in the sense of distributions, 
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In fact, for y E g(-m,al 
($ (F *f,) (y,) = (F *f) (- 1 v) = Fs ((-T-s $ T’f)j 
= F, ((qp, $f)j = (F * &) (PP). 
For Dirac measure 6 E g’, Heaviside function Y E 9’ [i.e., Y(t) = 1 
for t > 0, and Y(t) = 0 for t < 0] and the multiplication of Y by 
any polynomial, the condition mentioned above is satisfied, so that 
the convolution (5.4) may be defined. 
Then we have 
F*6 =F for FE 9?;(E). (5.6) 
In fact, (F * S)(F) = fl((7-pp, 6)) = F(v) for v E 9(-m,a~ . 
Further, it holds that 
h(Fli: Y)^ =P for FE 9&(E). (5.7) 
Indeed, by (3.25), (5.5), and (5.6), 
On the other hand, we have the following proposition: 
fi = 0 for PEDL(E) implies P = 0, (5.8) 
or equivalently 
$F=O for FE 9;(E) implies F = 0. (5.9) 
We prove the implication (5.9). Let (d/&)F = 0. Let ~,&(n = 1, 
2, 3,...) be a sequence in 9 with the condition (4.16). Then, as in 
the proof of Theorem 2, (d/dt)(F t &J(t) = ((d/dt)F * &J(t) = 0 for 
t < a. Hence, (F * t/&J(t) = Ji (d/ds)(F * Z&)(S) a5 = 0 for t < a. 
Since F * I,& converges to F in S@;(E), we obtain F = 0. 
By virtue of (5.7) and (5.8), there exists the inverse operator A-’ 
of A, and we have 
h-l@ = (F * Y)^ for P E D&(E). (5.10) 
x-1 is a continuous linear operator on DA(E) onto itself. 
Now we have 
h-“$’ = (F * Y * Y 
p-1 
(n - l)! y h 1 
n 
for PED:(E) and n = 1,2,3 ,..., (5.11) 
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and in particular, 
for XE,!? and tz = 1,2,3 ,.... (5.12) 
For simplicity we shall prove (5.11) in the case n = 2 and (5.12) 
in the case n = 1. For CJI E 9(-m.al , we have 
(n-q(g = (A-l(F * Y)A)(f$) = (F * Y * Y)^($) = (F * Y * Y)(q) 
= (F * Y)t (,, Y(s) 7-t&) ds) 
2 F, (/ym Y(t) (jya Y(s) & + t + u, ds) dt) 
= F, (/mm Y(t) (/l Y(S - t) ‘P@ + u, &) d”) 
= F, (/ya (I,, Y(t) Y(s - t) dt) 9’b + u, A) 
= F, (/ym sY(s) T~.,CJJ(S) ds) = (F + sY)(v) = (F * sY)^(+). 
The validity of the equality (*)is easily justified, though J> Ye-,q(s) ds 
is not in .9-m,al . Next we have for y E 9(-m,al 
WV 0 4)(G) 
= (X-‘(S @ x)A)(f$) = ((6 @ x) * Y)*(g) = ((S @ x) * Y)(v) 
= (6 0 4 ((T-t% Y>) = (% n x = (Y 0 4(9J> = (Y 0 x>^ (9). 
LEMMA 5.2. Let $‘(A) b e an E-valued holomorphic function in the 
right half-plane Re(X) > 0 of Cl with the condition (5.3). If p(h) is a 
representation of an fl E D:(E), then (1 /X)$‘(X) is a representation of A-$. 
Proof. For any y E 9t-m ,a~ , the function (T-W, Y) in t belongs 
to hf(-m,al 3 and we have (d/dt)(T-,q, Y) = -p)(t). By integration 
by parts, we obtain for Re(h) > 0 
(T-~~J, Y)* (A) = &I_” 
co 
eAt(T-,v, Y) dt = $ jr 
03 
i eA$(t) dt = i+(h). 
With Lemma 5.1 in mind, we have for $ E D(-,,J 
(A+)@) = (F * Y)^ (4) = (F * Y>(v) = Ft(<7-tv, Y>) 
= $‘((T+, Y)^ ) = ; [“i” $(A) @A) dh for p > 0. 
u-im 
Q.E.D. 
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We now attain to the following main theorem which gives a 
criterion for generation of semigroups. 
THEOREM 3. Let E be a locally convex sequentially complete space. 
Then, a necessary and suficient condition that a linear operator A in E 
be the inftnitesimal generator of a uniquely determined locally equi- 
continuous semigroup {T, ; t > 0} in E, is that 
(1) A is a closed linear operator with a dense domain D(A); 
(2) for any a > 0, in the space D;(E) the following conditions are 
satisfied: 
(a) there exists the generalized resolvent (h - A)-l of A; 
(b) for w4 xe corn d ~1 ex number X, there is a continuous linear 
operator R(h) on E into @elf such that for any fixed x E E, R(h)x is an 
E-valued entire function in X with the condition (3.8) and is a representa- 
tion of (h - A)-l(l @ x), and such that the family of operators 
I 
P n+l d" 
-- y$; NC1); 
I 
?Z! 
TV > 0 and n = 0, 1,2,..., 
is equicontinuous. 
The necessity follows from Proposition 1.3, 1.4, and 4.2, and from 
Theorem 2. The remainder of this paper is devoted to the proof of 
the sufficiency of Theorem 3. For this purpose, it suffices to assume 
that the condition (2) is valid only for some a > 0. 
Let A satisfy the conditions (1) and (2) for some a > 0. Then we 
have 
LEMMA 5.3. (1) F or any FE D(A), we have I$E D(A) and 
Ati = AM. 
(2) For any FE D;(E), we have X(X - A)-lfl = (A - A)-lhp. 
(3) For any FE D(A), we have A(h - A)-lp = (X - A)-lti. 
Proof. (1) For C$ E D(-,,,I , 
(hGP)($) = (&)(A$) = A(@$)) = A(~L@(+)) = (AA@@. 
(2) Put e = (X - A)-lJ‘. Then we have e E D(A) and 
@ - A)& = P. From (l), X(X - A)(? = (h - A)&‘, hence 
(x - A)-lti = h(h - A)-++. 
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(3) follows from (2) and from the equality (h - A)@ - A)-1 = 
(A - A)-+ - A) in D(A). 
LEMMA 5.4. For any integer n > 0, the domain D(An) of An is 
dense in E. 
Proof. Since D(A) is dense in E, D(A) is dense in DA(E) 
(Proposition 4.4). The generalized resolvent (h - A)-l of A maps 
D:(E) onto the dense subspace D(A) continuously, so (X - A)-2 
maps also D;(E) onto the dense range R((A - A)-2) continuously, 
while we have li((h - A)-2) = D((x - A)2) = D(A2). From Defi- 
nition 4.1 it follows that if P E D(A2) then P(P;) E D(A2) for any 
9 E D(-,,,I . Let us fix an element C$ E Dc-~,~I with ($, 1) # 0 and 
let 6 denote the operator defined by 8(P) = p(g) for P E D:(E). 
Then 6 is a continuous linear operator of DA(E) onto E [consider 
(1 0 x)(G) = (6 1) x f or x E E]. Hence it maps the dense subspace 
D(A2) onto a dense subspace of E which is contained in D(A2). 
The proof for n > 3 is similar. 
LEMMA 5.5. Let t.~, > 0. For any $xed x E E, the E-valued entire 
function R(h)x is bounded on the half-plane Re(h) > p0 . 
Proof. R(X)x is expanded with respect to any fixed X, as 
where the right side series converges in E. For any fixed A1 with 
Re(X,) > p0 , take pI > 0 such that 
1x1 -CL11 01-q. (5.14) 
Substituting X = h, and X, = pr in (5.13), we have 
(5.15) 
For any continuous seminorm p on E, there is, by hypothesis, a 
continuous seminorm Q (>p) such that 
for TV > 0, n > 0 and XE E. (5.16) 
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Hence we have by (5.14), (5.15), and (5.16), 
P(X) 34 =-.- 
CL1 PO 
which implies the boundedness of R(~)x on Re(X) >, p. . Q.E.D. 
Let x E D(B). Th en, since 1 @ x E D(Aa) and A”( 1 @ x) = 1 @ Anx 
for YZ = 1, 2, 3, we have, by Lemma 5.3, 
(a - A)-l (1 @ x) = h-lh(h - A)-l (1 @ x) 
= h-l@ - A + A)(a - A)-’ (1 @ x) 
= a-l(1 @ x) + a-l(a - A)-l A(1 @ x). 
Applying the same operation twice, we obtain 
(a - A)-l (1 0 X) = a-1( 1 0 X) + a-2(1 0 AX) + a-3( 1 0 A%) 
+ a-3(a - A)-l (1 @ A3x). (5.17) 
The generalized inverse Laplace transforms of a-l( 1 @ x), a-2( I @ Ax), 
and a-3(l @ A2x) are, by (5.12), Y @ X, tY @I Ax, and (t2/2!)Y @ A2x, 
respectively. 
As regards a-3(a - A)-l(l Q A3x), we set 
1 
s 
fi+im 
hx = j$ Il--im t+ + R(h)(A3x) dA for a fixed p > 0, (5.18) 
where the integral converges absolutely for any t, and is independent 
of ~1 > 0, by Lemma 5.5. S,x is continuous in t, and a contour- 
integration argument shows that S,x = 0 for t < 0, so S,x belongs 
to 9;(E). Since we have 
(&4^ (49 = f /;:I a> 4 ww3x) aTJi for P > 0 and $ ED(-~J , 
and since (1 /h3)R(X)( A 3x is a representation of a-3(a - A)-l(l 6 A3x) ) 
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from Lemma 5.2, S,x is the generalized inverse Laplace transform of 
A-~(& - A)-I(1 Q A3x). Moreover we have 
that is, S,x is continuously differentiable in t. 
Now set 
Tg = Y(t) x + tY(t) Ax + $ Y(t) /Px + S,x for t < a; (5.19) 
then by (5.17), T t~ is the generalized inverse Laplace transform of 
(n - A)-l(l @ x), T 1x is continuously differentiable in 0 # t < a, 
T,x = 0 for t < 0 and T,x = x, and T,x is right-continuous at 
t = 0. 
In order to show that {T, ; t < a} is equicontinuous, we need the fol- 
lowing lemma due essentially to Hille and Phillips ([3], Theorem 6.3.3). 
LEMMA 5.6. Let E be a locally convex sequentially complete space. 
Let F(t) be an E-valued continuous function de$ned on [0, CQ) and let 
G(X) = 1: eeAtF(t) dt 
be absolutely convergent for Re(h) > ua (= a fixed number). Set 
Then F(t 1 p) exists for p > u, and lim,,, F(t 1 p) = F(t) uniformly in 
each compact subinterval of (0, co). 
The proof is similar to the case of Banach spaces. 
Since R(h)x satisfies the condition (3.8) [= the condition (3.11)], it 
follows from the Paley-Wiener theorem for E-valued distributions, 
that R(h)x is the generalized Laplace transform E L(D, E) of an 
F, E L(9, E) with compact support. Since R(h)x is a representation 
of (A - A)-l( 1 @ x) = (T,x)^, F, and T,x define the same element 
in L(~(-,J , E). H ence the support of F, is contained in [0, co). 
Let #,(n = 1, 2, 3,...) be a sequence of functions in 9 satisfying the 
condition (4.16). Then the convolution 
for --co < t < co 
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is an E-valued infinitely differentiable function with compact support 
C [0, co). Further, as is easily seen, we have 
where $JX) = Jr e-“$bJt) dt. Since F, * #, satisfies the condition in 
Lemma 5.6 for cr, = - oc), we have for t > 0 
(F, * &J(t) = pi e+ 1 O3 (- 1)” b2V+l dm (*, * + )A (p) 
na-o m! (m + I)! dp” ’ ’ 
and for any continuous seminorm p and for p > 0, we have by (5.16) 
p(I,) < q(x) f 1 f -$ $&L) / = Q(X) z$[ g pwz J74dt) t 1z-o * * 0 
=G P(X). 
Thus we obtain 
PUFZ * hJw> d q(x) for t z=- 0. 
Since F, and T,x define the same element in 93;(E), we have 
Pa! * Mt) -= VP * hzGn>(t> for t < u, 
(5.20) 
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and since T,x is continuous in 0 # t < a, it holds that 
lim(F, * &)(t) = lim(Tp * y&)(t) = T,x for 0 # t < a. 
n-tm n+3c 
Letting n -+ co in (5.20), we obtain p( T,x) < q(x) for 0 < t < a, 
and since T,,x = x and T,x -2 0 for t < 0, p( Tp) < q(x) for t < a 
and x E D(As). Since D(A”) is d ense in E (Lemma 5.4), we can extend 
{Tt ; t < a} equicontinuously into the whole space E; we denote the 
extension by I’, again: 
; z~P(Ts-4 G cd4 for t <a and XEE.‘ (5.21) 
Notice that To = I and T, = 0 for t < 0. 
Further for any fixed x E E, T,x is continuous in 0 # t < a and is 
right-continuous at t = 0. In fact, for any fixed number s (0 < s < a), 
P(T.P - Ts) < P(T.P - T,Y) -t- $(T,Y - T,Y) + $0,~ - Ttx) 
G dx -Y) + P(T,Y - TRY) + dr - 4, 
where y is an element of D(A3) and / s - t 1 < 6 for a 6 > 0 such 
that the last member is arbitrarily small. 
If y E D(A3) converges to an element x E E, then T,y converges to 
T,x in B;(E) by the equicontinuity of {T, ; t < a}, while (h - A)-l 
(1 my) converges to (h - A)-l( 1 @ X) in D;(E) by the continuity of 
(1 - A)-l. Hence we see that for any x E E, T,x is the generalized 
inverse Laplace transform of (X - A)-I(1 @ x). 
Next, in order to show that {T, ; 0 < t < a) has the semigroup 
property and that its infinitesimal generator is equal to A, we prove 
the following four lemmas. 
LEMMA 5.7. If x E D(A3), then we have T,x E D(A) and 
;Tfi = AT,x for 0 # t < a. 
Proof. Let x be an arbitrary element of E. From the trivial equality 
(h - A)@ -- A)-l(l @ X) = 1 () x x, we obtain T,x E D(d) and the 
equivalent equality 
( d z-d 1 (Tp) =a@~. 
The fact Tp E D(d) implies that 
(5.22) 
CT.? * A)(t) E W) for t’ < a. (5.23) 
5SQ!Zl3-4 
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Since T,x is continuous in 0 # t < a, 
lim(T,x * &)(t) = T$ 
n+m 
for 0 # t < a. (5.24) 
By (4.20) and (5.22) we have 
Now let x E D(A3). Then, since (d/dt)T,x is continuous in 0 # t < a, 
while 
2-i (& T,x * &) (t) = $ Tgc for 0 # t < a, 
hence 
lim((6 @ x) * &J(t) = 0 for 0 # t < a. 
n-x0 
Thus we obtain 
(5.25) 
Since A is closed, it follows from (5.23), (5.24) and (5.25) that 
T,x E D(A) and AT,x = (d/dt)T,x for 0 # t < a. 
LEMMA 5.8. If x E D(A), then we haw T,x E D(A) and 
AT,x = T,Ax for t<a. 
Proof. Let x E D(A). Then, by Lemma 5.3 and by (4.15) 
(T,Ax)^  = (h - A)-l (1 @ Ax) = (X - A)-l A( 1 @ x) 
= A(x - A)-l (1 @ x) = (&(T&) ,^ 
hence T,Ax = zl(T,x) in 9;(E). In a way similar to the proof of 
Lemma 5.7, we have 
A((TP * hJn)(t>) = @‘6’-,4 * &J(t) = ((T&W * t’4(f), 
so that 
lim A((Tp * #J(t)) = T,Ax 
IL-+00 
for 0 # t f a. (5.26) 
(5.23), (5.24), and (5.26) imply by the closedness of A that T,x E D(A) 
and AT,x = T,Ax for 0 # t < a. Q.E.D. 
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We next consider the dual operator TT of T, . For any x’ E E’, 
Tfx’ is a(E’, E)-continuous in 0 # t < a. 
LEMMA 5.9. If x’ E D(A*), then TFx’ E D(A*) and TTx’ is 
continuously diflerentiable in t relative to the weak topology o(E’, E) and 
u-4 T;x’ = A*T,*x’ = T,*A*x’ for 0 # t < a. 
Proof. Let x’ E D(A*). Then, for x E D(A) we have by Lemma 5.8, 
(Ax, T,*x’) = (T,Ax, x’) = (AT,x, x’) = (x, T;A*x’), 
which implies that T,*x’ E D(A*) and A*TTx” = TfA*x’ for t < a. 
Further, for x E D(A3) we have by Lemma 5.7, T,x - x = Ji AT,x ds 
for 0 < t < a, hence 
<x, Tt*x’ - x’) = (Tp - x, x’) = (1: AT,x ds, x’) = j: (AT$, x’) ds 
= j-” (x, T;A*x’) ds = (x, o-j-” T*A*x’ ds), 
0 0 J 
where the last integral u- Ji T$A*x’ ds exists in E’. In fact, put 
M = {TfA*x’; 0 < t < a>. Then cr-s(o T:A*x’ ds belongs to the 
a(E’, E)-completion of the circular convex hull I’(aM) of a&i. On the 
other hand, since by the equicontinuity of {T, ; t < a>, M is an 
equicontinuous set in E’, the u(E’, E)-closure l?(aM) in E’ of I’(aM) 
is also equicontinuous, consequently u(E’, E)-compact. Hence we 
have u-J: T.$A*x’ ds E I’(aM) C E’. Since D(A3) is dense in E, we 
have 
I 
t 
T;x’ - x’ = u- T*A*x’ ds 
0 * 
for 0 < t < a; 
hence Ttx’ is continuously differentiable in t relative to u(E’, E) and 
a-(d/dt)Tfx’ = TrA*x’ for 0 # t < a. 
LEMMA 5.10. If x E D(A), then T,x E D(A) and T,x is continuously 
difierentiable in t and 
$ T$ = AT,x = T,Ax for 0 # t < a. 
Proof. Let x E D(A). Then, by Lemma 5.8, we have Ttx E D(A) 
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and AT,x = T,Ax for t < a. By Lemma 5.9, we have for x’ E D(A*) 
(T,x - x, x’) = (x, T:m’ - x’) 
=( s t A*T;x ds .t x, u- 0 > J = (x, A *T:x’) ds 0 
zz 
I 
-t (T&y, x’) ds = et 
0 
T,Ax ds, x’ 
> 
for 0 < t < a. 
0 0 
Since D(A*) is u(E’, E)-dense in E’, we have 
s 
t 
T,x - x = T,Ax ds for 0 < t < a, 
0 
hence T,x is continuously differentiable in t and (d/dt)T,x = T,Ax 
for 0 # t < a. Q.E.D. 
We now show that {T, ; 0 < t < a} has the semigroup property. 
Let t 2 0, s > 0 and t + s < a. From Lemma 5.10 and from the 
equicontinuity of {T, ; 0 < t < a>, it follows that for any x E D(A), 
Tt-,Ts+ux is continuously differentiable in u and so we have 
Tttsx - T,T,x = 
J 
‘: 2 (Tt-uTS+,x) du = St TtJ,+,(A - A) x du = 0. 
0 
As D(A) is dense in E, we obtain Tlfs = T,T, for t 3 0, s 3 0 and 
t + s < a. Making use of this semigroup property, we can extend T, 
for t > a. We denote this extension again by T, . Thus we have 
obtained a locally equicontinuous semigroup (T, ; t 2 0). 
Next we show that the infinitesimal generator of (T, ; t > O] is 
precisely A. Let A, be the infinitesimal generator of {T, ; t > O}. 
Let x E D(A). Then, by Lemma 5.10, we have T,x - x = Ji T,Ax ds 
for 0 < t < a, so that hm,,, (l/t)( T,x - X) exists and is equal to Ax, 
hence x E D(A,) and Ax = A,x , that is, A C A, . Consequently we 
have A C A, . Since A, is the infinitesimal generator of {T, ; t > 0}, 
h - A, maps D(A,) onto D;(E) in one-one way (Theorem 2). But, by 
hypothesis, x - A also maps D(A) onto D:(E) in one-one way. 
Hence we must have A = A, . Therefore, if x E D(A,), then 
1 OXED = D(A), h h w ic implies that x E D(A). Thus we obtain 
A = A, . 
Moreover, the locally equicontinuous semigroup {T, ; t > 0) is 
uniquely determined. For, let {pl ; t > 0} be a locally equicontinuous 
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semigroup with the infinitesimal generator A. Then, for any x E D(A) 
Tt3c - p;,x = J 
-1 f (Ftit--s~s~) ds = St Tt-,~,(A - A) x ds = 0, 
0 
so we have T, = pir . Thus the proof of Theorem 3 is completed. 
Remark. As a representation of generalized Laplace transform, 
it seems to be natural to adopt an E-valued entire function of expo- 
nential type (3.8). Therefore our criterion for generation of semigroups 
is described in such a form of Theorem 3. However, from the above 
proof we see without difficulty that Theorem 3 is still valid if in the 
condition (b), “R(h) x is an E-valued entire function in h with the 
condition (3.8)” is replaced by “R(X) x is an E-valued holomorphic 
function in Re(h) > 0”. Thus we obtain 
THEOREM 3’. Let E be a locally convex sequentially complete space. 
Then, a necessary and suficient condition that a linear operator A in E 
be the injinitesimal generator of a uniquely determined locally equi- 
continuous semigroup {T, ; t 3 O> in E, is that 
(1) A is a closed linear operator with a dense domain D(A); 
(2) for any a > 0, in the space D:(E) the following conditions are 
satisfied: 
(a) there exists the generalized resolvent (?. - A)-l of A; 
(b’) for any fixed complex number h with Re(X) > 0, there is 
a continuous linear operator R(h) on E into itself such that for any fixed 
x E E, R(X)x is an E-valued holomorphic function in the right half-plane 
Re(h) > 0 of Cl and is a representation of (A - A)-l( 1 @ x), and such 
that the family of operators 
p$ -$ R(p); p > 0 and 11 = 0, 1,2,.../ 
is equicontinuous. 
Indeed, for an equicontinuous semigroup {T, ; t >, 0} with the 
infinitesimal generator A, the Laplace transform R(h)x = Jr e-AlT!x dt 
is an E-valued holomorphic function in Re(h) > 0, which is a 
representation of (A - A)-i(l @ x), and it satisfies 
G -g R(X) x = (- 1y hn+yxI - A)-(n+l) x for Re(h) > 0. 
Hence Theorem 3’ is a direct extension of the well known Hille- 
Yosida theorem for equicontinuous semigroups in locally convex 
spaces (Yosida [12]). 
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